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The Arithmetic Mean — Geometric Mean (AM-GM) In-
equality (more than two variables):

Suppose we have n positive real numbers x1, 2o, ..., 2,. Then

[U1—|—£U2—|—"'—|—£Un
n

3=

> (x129 - - Tp)

with equality if and only if all of the numbers z1,29,..., 2, are

equal.

Problem 1. (Dublin Are Selection Test 2016)

Prove that for any positive real numbers a, b and ¢ we have

2a+b+2b+c+20+a>3
b+2¢c c¢+2a a—+2b

Solution. Let
b+2c=x (1)
c+2a=y (2)
a+2b=2z  (3)

Adding the above equalities we find

20 +y+ 2)
3

2a + 2b + 2¢ =

(4)



Now, from (1) and (4) we find

2y t+2z—x

2 b
a + 3

and similarly,

2 2z — 2 2y —
20+ ¢ = ZL’—I—3Z J and 2c+a = :U+3y Z.

Thus, in the new variables x, vy, z our initial inequality reads

1 (2 2z — 20 + 2z — 20 + 2y —
_{y+z v 22—y 2w+ 2}237

3 x Y z
or even
2+ D 2(L+ ) +2(242) 212 )
y z Yy Z X
By AM-GM inequality we have
Tilso Yy Zs0 D425
y z 0y Z X

Adding the above inequalities we find (5) which proves our initial

inequality.



Problem 2. (Dublin Area Selection Test 2014)

Prove that if @ and b are positive real numbers,

€/%+§/§§ (’/z(ﬁb) G+%)

Solution:

Cubing both sides yields

(i) (1) = (82) (1) h=aCi)

Simplifying this yields

a b a b
1 33/ = 3i’ﬁ<4 -4z
(1) \/;Jr a +b+a

Now by the AM-GM inequality,

a a
1+14+->3¢ -
+ —|—b_ \/;
b 5/ b
I1+1+—-2>234/—
a a

with equality in both cases if and only if a = b. Adding these two

and

inequalities together yields the required inequality ({]).



The Cauchy-Schwarz Inequality:

For any real numbers
aiy,as,...,a, and by,bo,...,0,

we have

(a4 a5+ +a’)(b]+b3+---+b2) > (arby + asby + ... ayby)?

ap az an

with equality if and only if b T



Proof. Consider the quantity

F(x) = (a12—by)*+(asr—by)*+ - -+(anz—b,)* >0 forall z € R.
Expanding the brackets we have

F(z) = (aj+a3+- - -+a?)x*—2(a1boFasba+. . . ayb,)w+(bi+b3+ - -+b2),
that is,

F(r)=Ax* —2Bx +(C >0 forallz € R,

where
9

A=al+a3+ - +a,
B = a1by + asbs + ... a,b,,
C=b+b3+---+ 12

This implies that (2B)% —4AC < 0 which yields AC > B?. Hence

(af+ a5+ +a2) (b + b5+ +b2) > (arby+ agby + . .. ayby).

The equality holds when there exists € R such that F'(x) = 0 so

mr—by=ax —by=---=a,xr—0b,=0,

. . : ai an an,
which implies 1 = — = — =

bl_b_2_.“ bn
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Problem 3. Prove that for any real numbers a1, a9, ...,a, we
have

n(a+as+---+a’) > (aras + ... a,)°%

Solution: Apply Cauchy-Schwarz inequality with b; = by = - - - =
b, = 1.



Problem 4. (Dublin Area Selection Test 2015)

Let x,y, z,w > 0 and suppose that zyzw = 16. Show that

5132 y2 22 w2

+ + + >4
r+y yYy+z z4+w w+x

with equality only when z =y =z = w = 2.
Solution: The Cauchy inequality gives

2 2 2 2

x Y 2z w
+ + + | —/—— X

((N/x%—y) <\/y+z> (x/z+w) ( w+x> >

(Ve +y)’+(Vy+ 27+ Wz +w)?+ (Vw+1))

_|_

> (

y+z+wﬂ

with equality only when x = y = z = w. This simplifies to:

CL‘2 2 2 2
Y z w 9
( + + + )-2(x+y+z+w) > (z4y+ztw)
r+y yYy+z z4+w w+cx

and hence
) 2 2 2
x z w r+vy—+z+w
+-2 4 + i .
r+y y+z z4+w w+Hx 2

Applying the AM-GM to the right-hand term gives
2 2 2 2
( u + Y + © + i ) > 2/ ryzw

r+y yYy+z z+w w+x
with equality only when x = y = 2z = w. Since zyzw = 16, the

result follows at once.
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Problem 5. Prove that for any real numbers a4, as, ..., a, and for

any positive numbers x1, o, ..., z, we have
2 2 2 2
a a a ay+as+---+a
_1_|__+..._|__”2(1 2 n)
r1 o T 1 +To+ - +Ty
Solution: Apply Cauchy-Schwarz inequality for aq, ao, ..., a, and

b1:@7b2:@7"'7bn:@-

Note. We could also use Induction Principle over the number n > 2

to prove this result.
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Problem 6. (IMO 1995)

Let a, b, c be three postive numbers such that abc = 1.

Prove that

1 N 1 N 1 < 3
adb+c) bVlc+a) Ala+b) 2

Solution: Denote z = % Yy = % and z = %

Since abc = 1 we have xyz = 1 and our inequality to prove becomes

1 1 1 3
2_7

1(1, 1 +1 1, 1 +1 1,1 2
36 30 30

That is (because zyz = 1)

2 2 2

x z 3

+ L4 >2 (1)
y+z z4+x x+y = 2
Apply Cauchy-Schwarz inequality for
x Y 2z
a1 = ) ag = ) a3z =
Y+ z z+x Tr+y

Thus,
(a3 + a3 4 a2)(b? + b3 + b3) > (a1by + agby + asbs)?

becomes
2 9 2
T z
( T A
y+z z4+xr Tty

)-2(33+y+z)23(a:+y+z).

which simplifies to (1).
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Problem 7. (Iran Math Olympiad 1998)
Let z,y, 2 > 1 be such that %—l—é—l—% = 2.

Prove that
vVit+ty+z>2ve—1+\/y—1++vVz—-1.
—1 —1 —1
Solution: Note that * + Y + © = 1.

x Y 2z
Apply Cauchy-Schwarz inequality for

x—1 jy — 1 z—1
VY

7

Hence

r—1 y—1 z2—1 2
(a:+y+z)( T J +— )Z(Vﬂs—1+\/y—1+\/z—1),
SO

vr+y+z>2ver—1++/y—14++vz—1.
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Problem 8.
Let a,b,c > 0 be such that

1 1 1
> 1.
a+b+1+b+c+1+c+a+1_

Prove that

a+b+c>ab+ be+ ca.

Solution: Apply Cauchy-Schwarz inequality for
alz\/5, CLQZ\/??, CL3:1
blz\/&a b2:\/67 b3:C.

We find
(a+b+1)(a+b+c*) > (a+b+c)
that is, 1 a+b+c?
< .
a+b+17 (a+b+c)?
Similarly,
2 2
1 . +b+c 1 < a+b"+c

b+c+1 7~ (a+b+c)? " c+a+1" (a+b+c)?
Adding up these last three inequalities and using our hypothesis we
find
2 | 12 .2
2
| < 1 N 1 N 1 Sa +b0"+c+2a+b+c)
a+b+1 b+c+1 c+a+1 (a+b+c)?

Y

SO
@+ b+ +20a+b+c) > (a+btc),

which yields a + b+ ¢ > ab + bc + ca.
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Problem 9. (German Math Olympiad)
Llet n > 2 and x1,29,...,2, be positive numbers with sum S.

Prove that

I i Io . X In S n
S—xz1 S—ux S—z, n—1

Solution: Apply Cauchy-Schwarz inequality for

I X9 Ln
a9 —
S—.fl) S_,fEQ’

a) =

b1 = \/331(3 — 331), bQ == \/xQ(S — 332), cee bn = \/xn(S — Q?n)

Note that
X X X
a§+a§+---+ai:S_1x1+s_2x2+---+s_”x
n

b+ b5+ -+ b2 =21(S — 21) + 29(S — 29) + -+ 2,(S — 1)

=S +ag - dw,) — (28 Fa5 -+ +22)
=S —T,

whereT:x%+x%+---+x%. Also, a1by + asby + ...a,b, = S

Thus, by Cauchy-Schwarz inequality we find

I ) Tp )

2
T
(5 )(S—x1+5—aj2+ +S—azn

Hence
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2 n
It remains to prove that > or even
P S2—T ~—n-—1

nT > S* < n(i+a5+ - +a5) > (1 + 22+ +13,)°

This last inequality follows again from the Cauchy-Schwarz ineq

applied to



